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hael C. Ogilvie
Department of Physis, Washington University, St. Louis, MO 63130 USA
Abstrat
We onstrut PT -symmetri quantum mehanial models with an O(N)-symmetri interation
term of the form −g (~x2)2 /N . Using funtional integral methods, we nd the equivalent Hermitian
model, whih has several unusual features. The eetive potential obtained in the large-N limit of
the Hermitian form is shown to be idential to the form obtained from the original PT -symmetri
model using familiar onstraint eld methods. The analogous onstraint eld presription in four
dimensions suggests that −g
(
~φ2
)2
/N PT -symmetri salar eld theories are asymptotially free.
PACS numbers: 11.30.Er,11.15.Pg,03.65.Db
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I. INTRODUCTION
Sine the initial disovery of PT symmetry [1℄, there has been onsiderable progress in
expanding both the number of PT -symmetri models and our knowledge of their proper-
ties [2, 3℄. Although the onstrution of PT -symmetri matrix models has proved to be
relatively straightforward [4℄, the onstrution of PT -symmetri models with elds trans-
forming as vetors under O(N) appears to have more diult tehnial issues. Nevertheless,
the development of salar eld theory models with vetor symmetry is ruial to the possible
relevane of PT -symmetry in partile physis. On the other hand, there has been substan-
tial progress reently in understanding the relation of the one-omponent −λx4 model to
its equivalent Hermitian form [5, 6℄, as well as work on the relation of O(N)-symmetri
Hermitian models to one-omponent PT -symmetri models [7℄. In this paper, we extend
this work to a PT -symmetri model with O(N) symmetry, deriving the Hermitian form for
all values of N . We onstrut the large-N limit, and show that this limit an be obtained
using the familiar method of onstraint elds, but in a muh less rigorous way.
Consider a model with Eulidean Lagrangian given by
LE =
N∑
j=1
[
1
2
(∂txj)
2 +
1
2
m2x2j − λx4j
]
− g
N
(
N∑
j=1
x2j
)2
(1)
where g and λ are non-negative. When g = 0, we have N deoupled one-dimensional systems;
for λ = 0, we have a model with O(N) symmetry. When both g and λ are non-zero, the
model has only an SN permutation symmetry. From the standpoint of PT symmetry, the
interation terms an be onsidered as members of a family of PT -invariant interations
− λ
N∑
j=1
(−ixj)2p − g
N
(
−
N∑
j=1
x2j
)q
(2)
whih are invariant under PT symmetry. This lass of models is well-dened for p = q = 1,
and must be dened for p, q > 1 by an appropriate analyti ontinuation of the xj as
neessary [1℄.
It is onvenient to onsider this model as a subset of a larger lass of models, with a
Lagrangian of the form
LE =
N∑
j=1
[
1
2
(∂txj)
2 +
1
2
m2x2j
]
−
N∑
j,k=1
x2jΛjkx
2
k (3)
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The lassial stability of the potential for large xj is governed by the eigenvalues of Λ. For
the model of partiular interest to us,
Λ = λI + gP (4)
where P is the projetor
P =
1
N


1 1 1
1 1 ..
1 .. ..

 (5)
satisfying P 2 = P . The deomposition Λ = λ (I − P ) + (g + λ)P shows that Λ has one
eigenvalue g+λ and N −1 eigenvalues with value λ. The eigenvalue g+λ is assoiated with
variations in ~x2, i.e., variations in the radial diretion.
II. EQUIVALENCE TO HERMITIAN MODELS
We will analyze the ase where all eigenvalues of Λ are positive using funtional integra-
tion. With the substitution
xj → −2i
√
cj + iψj (6)
familiar from the one-omponent ase, LE beomes
LE =
∑
j
[
1
2
(∂tψj)
2
(cj + iψj)
− 2m2(cj + iψj)
]
− 16
∑
jk
Λjk(cj + iψj)(ck + iψk). (7)
The generating funtion for the model is given by
Z =
∫ ∏
j
[dψj ]√
det(cj + iψj)
exp
[
−
∫
dt
[
LE −
∑
j
1
32
(
1
cj + iψj
)]]
(8)
where the hange of variables has generated both a funtional determinant and additional
term, formally of order ~
2
, in the ation. As pointed out in [6℄, both terms are required to
obtain orret results in the funtional integral formalism.
The funtional determinant may be written as
∏
j
1
det
[√
cj + iψj
] = ∫ ∏
j
[dhj] exp

−
∫
dt

1
2
(cj + iψj)
(
hj −
˙iψj + 1/4
cj + iψj
)2

 (9)
whih introdues a new set of elds hj . The derivation proeeds as in the single-variable ase.
After integration by parts on the hjψ˙j terms, and adding and subtrating total derivatives,
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the funtional integral over the ψj elds an be arried out exatly. The integral is both loal
and quadrati, and requires that the matrix Λ have positive eigenvalues for onvergene. The
result of this integration is
Z =
∫ ∏
n
[dhn] exp
{
−
∫
dt
[
1
64
∑
jk
Λ−1jk
[
1
2
h2j + h˙j − 2m2
] [
1
2
h2k + h˙k − 2m2
]
−
∑
j
1
4
hj
]}
.
(10)
After disarding total derivatives, we obtain
Z =
∫ ∏
n
[dhn] exp
[
−
∫
dt
1
64
∑
jk
Λ−1jk
[
h˙j h˙k +
1
4
(
h2j − 4m2
) (
h2k − 4m2
)]−∑
j
1
4
hj
]
(11)
whih gives the Hermitian form for our general PT -symmetri model with N elds.
In the partiular ase we are interested in, we have
Λ−1 =
1
λ
(I − P ) + 1
g + λ
P. (12)
The Lagrangian may be written as
LE =
1
64λ
∑
j
[
h˙2j +
1
4
(
h2j − 4m2
)2]− g
64Nλ (g + λ)


(∑
j
h˙j
)2
+
1
4
(∑
j
(
h2j − 4m2
))2−1
4
∑
j
hj .
(13)
It is helpful to immediately resale all the elds as hj →
√
32λhj :
LE =
∑
j
[
1
2
h˙2j + 4λ
(
h2j −
m2
8λ
)2]
− g
N (g + λ)

1
2
(∑
j
h˙j
)2
+ 4λ
(∑
j
(
h2j −
m2
8λ
))2−√2λ∑
j
hj.
(14)
At this point, the SN permutation symmetry is still manifest, and it lear that the eld∑
j hj plays a speial role.
In order to understand the strategy for rewriting the model in a form in whih the limit
λ → 0 an easily be taken, it is useful to work out expliitly the ase of N = 2 rst. It is
apparent that a rotation of the elds will be desirable. We dene suggestively new elds σ
and π given by
h1 =
1√
2
(σ + π)
h2 =
1√
2
(σ − π)
. (15)
After some algebra and the resaling
σ →
√
g + λ
λ
σ (16)
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we arrive at
LE =
1
2
σ˙2 +
1
2
π˙2−m2σ2− λm
2
g + λ
π2 +2 (g + λ) σ4 +
2λ2
g + λ
π4 + (8g + 12λ)σ2π2− 2
√
g + λσ.
(17)
Notie the natural hierarhy between the masses for λ ≪ g. The O(2) symmetri limit of
the original PT -symmetri model is obtained in the limit λ→ 0, where we have
LE =
1
2
σ˙2 +
1
2
π˙2 −m2σ2 + 2gσ4 + 8gσ2π2 − 2√gσ. (18)
The eld π has no mass term, indiating its relation to the angular degrees of freedom in
the original Lagrangian. However, radiative orretions generate a mass for the π eld via
the the σ2π2 interation. As in the one-omponent ase, there is a linear anomaly term, but
only for σ.
We now turn to the more diult ase of the λ→ 0 limit for arbitrary N . As before, we
introdue a eld σ dened by
σ =
1√
N
∑
j
hj (19)
as well as a set of N − 1 elds πk with k = 1, .., N − 1 related to the hj elds by a rotation
so that σ2 + ~π2 = ~h2. Eah eld hj an be written as
hj =
1√
N
σ + h˜j (20)
where
∑
j h˜j = 0. This property is ruial in eliminating a term in LE whih diverges as
λ−1/2 as λ→ 0. The Lagrangian now an be written as
LE =
1
2
σ˙2+
∑
j
1
2
π˙2j−m2
(
σ2 + ~π2
)
+4λ
∑
j
h4j+
4
N
(
λ2
g + λ
− λ
)(
σ2 + ~π2 − Nm
2
8λ
)2
−
√
2λNσ.
(21)
The resaling σ →√(g + λ) /λσ plus some areful algebra yields the λ→ 0 limit as
LE =
1
2
σ˙2 +
1
2
~˙π2 −m2σ2 + 4g
N
σ4 +
16g
N
σ2~π2 −
√
2gNσ (22)
whih agrees with our previous result for N = 2 , and agrees with the known result for
a single degree of freedom if we take N = 1 and drop the ~π eld altogether. This is a
Hermitian form of the PT -symmetri anharmoni osillator with O(N) symmetry, derived
as the limit of a PT -symmetri model with SN symmetry. The Hermitian form has several
novel features. Note that both the SN and O(N) symmetries are no longer manifest, but
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there is an expliit O(N − 1) symmetry assoiated with rotations of the ~π eld. As in the
N = 2 ase, there is no mass term for the ~π eld. Furthermore, there is no (~π2)
2
term,
although there is a ~π2σ2 interation. The anomaly term again involves only σ, and breaks
the symmetry σ → −σ possessed by the rest of the Lagrangian. Analyzing the Lagrangian
at the lassial level, we see that if m2 > 0 , the σ eld is moving in a double-well potential,
perturbed by the anomaly so that 〈σ〉 > 0. On the other hand, if m2 < 0, σ moves in a
single-well anharmoni osillator, again with the linear anomaly term making 〈σ〉 > 0. In
either ase, the ~π2σ2 interation will generate a mass for the ~π eld. All of this is onsistent
with the assoiation of σ and ~π with the radial and angular degrees of freedom, respetively,
in the original PT -symmetri model.
III. LARGE-N LIMIT
We will defer a more detailed disussion of this model for nite N , and turn to its large-N
limit. One more resaling σ →√Nσ gives the Lagrangian
LE =
N
2
σ˙2 +
1
2
~˙π2 −Nm2σ2 + 4gNσ4 + 16gσ2~π2 −N
√
2gσ. (23)
We see that the anomaly term survives in the large-N limit, unlike the matrix model ase
[4℄. After integrating over the N−1 omponents of the ~π eld, we have the large-N eetive
potential Veff for σ:
Veff/N = −m2σ2 + 4gσ4 + 1
2
√
32gσ2 −
√
2gσ. (24)
It is striking that the anomaly term has virtually the same form as the zero-point energy of
the ~π eld. The anomaly term breaks the disrete σ → −σ symmetry of the other terms
of the Lagrangian, and always favors σ ≥ 0. The eetive potential has a global minimum
with σ positive for m2 > 3 21/3g2/3. For m2 < 3 21/3g2/3, there does not appear to be a
stable solution with σ > 0, and σ = 0 is the stable solution to leading order in the 1/N
expansion. This hange in the behavior of the eetive potential as m2 is varied is not seen
in the orresponding Hermitian model [8℄, and indiates a need for are in analyzing the
model. Based on our preliminary analysis of the Hermitian form for nite N , we believe
that this behavior is assoiated with the large-N limit, and does not indiate a fundamental
restrition on m2.
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The large-N eetive potential was derived from a Lagrangian with unusual properties,
assoiated with the Hermitian form of the original model. It is therefore surprising that,
one the form of the large-N eetive potential is known, it an be derived heuristially in
a more onventional way. We start from the O(N)-symmetri Lagrangian
LE =
N∑
j=1
[
1
2
(∂txj)
2 +
1
2
m2x2j
]
− g
N
(
N∑
j=1
x2j
)2
(25)
and add a quadrati term in a onstraint eld ρ
LE → LE + g
N
(
2Nρ
g
+
N∑
j=1
x2j −
Nm2
4g
)2
(26)
yielding
LE =
N∑
j=1
[
1
2
(∂txj)
2 + 4ρx2j
]
+
4Nρ2
g
− Nm
2ρ
g
+
Nm4
16g
. (27)
If we integrate over xj in a ompletely onventional way, we obtain the large-N eetive
potential
Veff/N =
4ρ2
g
− m
2ρ
g
+
√
2ρ+
m4
16g
. (28)
This is essentially idential to our previous expression after identifying ρ = gσ2. However,
we lak a fundmental justiation for this approah. We know that great are must be taken
in speifying the ontour of integration in typial PT -symmetri models, yet the xj elds
were integrated over quite onventionally. If this approah has validity, it seems likely that
the hoie of integration ontours for ρ and ~x is ruial. However, only the saddle point
matters to leading order in 1/N , so it is possible for this heuristi derivation to be orret
even though we lak a diret, omplete treatment of the original PT -symmetri model.
IV. PT -SYMMETRIC FIELD THEORY
If we boldly apply the onstraint eld approah to a PT -symmetri eld theory with a
−g
(
~φ2
)2
interation in d dimensions, we obtain the eetive potential
Veff/N =
4ρ2
g
− m
2ρ
g
+
m4
16g
+
1
2
∫
ddk
(2π)d
ln
[
k2 + 8ρ
]
. (29)
Models of this type were rejeted deades ago [8℄ beause of stability onerns at both
the lassial and quantum levels, although there were early indiations that suh theories
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were in fat sensible [9℄. Within the framework of PT -symmetri models, suh stability
issues annot be addressed without understanding the boundary onditions on the funtional
integrals. However, it is straightforward to hek that renormalization of g in d = 4 gives
an asymptotially free theory, with beta funtion β = −g2/2π2 in the large-N limit. If
PT -symmetri salar eld theories exist in four dimensions and are indeed asymptotially
free, the possible impliations for partile physis are large, and provide ample justiation
for further work.
Finally, we note that the onstrution we have used for PT -symmetri models with O(N)
symmetry is not the only one possible. For example, we an onsider our original model
with g > 0 but λ < 0, so that only the O(N) symmetri term is unonventional. It would
be interesting to know if the λ → 0 limit of this lass of models an be used to dene a
PT -symmetri model with O(N) symmetry, and if so, if it is equivalent to the one studied
here.
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